Density gradients across a reaction front can lead to convective fluid motion. Stable fronts require a heavier fluid on top of a lighter one to generate convective fluid motion. On the other hand, unstable fronts can be stabilized with an opposing density gradient, where the lighter fluid is on top. In this case, we can have a stable flat front without convection or a steady convective front of a given wavelength near the onset of convection. The fronts are described with the Kuramoto-Sivashinsky equation coupled to hydrodynamics governed by Darcy's law. We obtain a dispersion relation between growth rates and perturbation wave numbers in the presence of a density discontinuity accross the front. We also analyze the effects of this density change in the transition to chaos.
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I. INTRODUCTION
The Rayleigh-Taylor instability, caused by a heavier fluid placed on top of a lighter one, appears in a wide variety of physical systems, such as laser ablation [1, 2] , astrophysics [3] , liquid-gas interfaces [4] , combustion [5, 6] , and chemical reaction fronts [7, 8] . The fluids involved are usually separated by an interface that contains a stabilizing mechanism, such as surface tension [9] or molecular diffusivity (as in the case of a chemical front) [10] . In other cases, the front itself is unstable regardless of fluid motion, caused either by differences in molecular diffusivities [11] or by a combination of diffusion and heat as in the case of combustion [12] . This front instability can be modeled using coupled reaction-diffusion equations or a heat equation coupled to a diffusion equation, with no need for hydrodynamic equations. The propagation of these fronts can be approximated with a Kuramoto-Sivashinsky (KS) equation, which provides conditions for instabilities of flat fronts and determines the front evolution in the weakly nonlinear regime [13, 14] . Under certain conditions, the KS equation exhibits instability of flat fronts for perturbations of wavelengths greater than a critical wavelength. This implies that fronts propagating in narrow tubes will be flat. Increasing the width of the tube allows the formation of steady cellular structures, however, these cells are limited to only a very few wavelengths. For even larger tube widths the cell structures become oscillatory and, finally, chaotic [15] . A common mechanism for obtaining structures of several wavelengths is to add a linear stabilizing term, usually justified on phenomenological grounds [16, 17] . The presence of this linear term allows steady cellular structures of many wavelengths. This wavelength is selected intrinsically by the equation parameters, regardless of the domain size. In this paper we investigate the interaction between Rayleigh-Taylor instabilities and front instabilities described by KS equations. Every system with the lighter fluid on top is stable with respect to the Rayleigh-Taylor mechanism. We show that this mechanism coupled to an unstable front will form a steady pattern with an intrinsic wavelength. * vasquez@ipfw.edu
II. EQUATIONS OF MOTION
Our work focuses on two fluids of different densities separated by a thin interface. We study the case of twodimensional flow in porous media or a Hele-Shaw cell. The front separating the fluids is described by the front height H (X,T ), which provides the vertical Z coordinate as a function of the horizontal coordinate X, and the time T . The external fluid velocity adds to the front speed as discused by Spangler and Edwards in the context of the eikonal relation [18] . In the same manner, the front propagation will obey the KS equation with the addition of fluid flow:
Here V 0 corresponds to the flat front speed, while V z corresponds to the vertical component of the fluid velocity, which is evaluated at the front height H . The coefficients ν and κ depend on the details of the system under consideration under a particular set of units. For example, in the case of thermodiffusive instabilities, they depend on the Lewis number, which is the ratio of thermal diffusivity and mass diffusivity [14] . For the case of autocatalytic reaction fronts, the normal front velocity can be obtained from an eikonal relation between the molecular diffusivity (D) and the front curvature, leading to ν = D and κ = 0 for small curvatures. For autocatalytic fronts involving two species, the coefficients ν and κ will depend on the ratio between their different diffusivities [13] .
In this paper, we use Darcy's law to describe fluid flow in porous media or a Hele-Shaw cell,
together with the continuity equation,
Here V is the fluid velocity, P is the pressure, g is the acceleration of gravity in the vertical direction,ê z is a unit vector in the vertical direction pointing upward, K is the coefficient of permeability, and μ is the coefficient of viscosity.
In a Hele-Shaw cell, where a viscous fluid is confined between two walls separated by a small distance a, the coefficient of permeability can be replaced by a 2 /12. In the thin front approximation, there is an abrupt change of density across the front that can be written as
where is the a step function, being equal to 1 if the argument is positive and 0 otherwise. The density difference between unreacted and reacted fluid corresponds to ρ; it will be positive if the heavier fluid is on top. The continuity equation allows us to write the components of the fluid velocity in terms of a stream function (X,Z,T ) using V x = −∂ /∂Z and V z = ∂ /∂X. Introducing these relations into Darcy's law and combining them to eliminate the pressure, we find an equation for the stream function:
Here we have definedR = Kg ρ/μ. The Dirac δ function δ(z) results from the derivative of the step function, having as units the inverse of length units. This equation provides the stream function (and therefore the fluid velocity) for a given value of H . Consequently, the front evolution [Eq. (1)] is governed only by the front height H . Assuming that κ is nonzero, we introduce time and length scales defined by
Using lowercase letters for the corresponding variable in this system of units, the equations of motion become
and
Here we have defined the dimensionless numbers Ra
The value ofν is either +1 or −1, depending on the original sign of ν; therefore, we haveν = ν/|ν|.
We solve this equation by introducing Fourier series on h and ψ:
Here the parameter q is determined by the width of the domain (a): q = π/a. The x coordinate varies from 0 to a. Each Fourier series corresponds to the appropriate boundary conditions at the vertical walls: horizontal fluid velocity 0 (v x = 0) and 0 first and third derivatives for the front height (∂h/∂x = ∂h 3 /∂x 3 = 0) [19] . We keep only a linear dependence between the stream function and the front height measured from the average front height. The Fourier coefficient H 0 (t) provides the average front height. This results in evaluation of the derivative of the stream function in Eq. (6) on H 0 instead of h and replacement of h with H 0 inside the δ function in Eq. (7) . In this approximation the stream function ψ remains continuous across the front, while the δ function in Eq. (7) leads to a jump condition for the partial derivative of the stream function along the z direction:
We find that the Fourier components of the stream function are given by
Using this expression to evaluate the vertical component of the velocity at the front, we find
Introducing the Fourier series for h(x,t) and projecting over the corresponding cosine function, we obtain a set of ordinary differential equations:
This set of equations is solved numerically using a 25 term truncation. We found no significant differences in the steady states with slightly fewer terms. We use a simple Euler method to carry out the time evolution of the equations. The time step is set to t = 0.001 time unit. We initialize our calculations using small random initial conditions for each Fourier coefficient h n . We let the system evolve for a time in order to eliminate transient behavior. The spatial front is reconstructed from the Fourier amplitudes [Eq. (9)] using a spatial grid of 100 points.
III. RESULTS
We carry out a linear stability analysis of the flat front solution by neglecting the quadratic terms in Eq. (12) . We truncate the Fourier expansion to one term while looking for solutions of the form he σ t . We find a dispersion relation between the growth rate σ and the wave number q given by
The dispersion relation does not depend on the flat front speed v 0 , since it only appears in the quadratic terms. The front will be stable for all values of the wave number where σ is negative. We note that the growth rate σ vanishes for q = 0, which is a consequence of translational invariance. The stability of the front will depend on two parameters,ν and Ra. We first analyze the case whereν = 1. For no density differences or when the lighter fluid is on top (Ra 0), the 016207-2 front is stable for all values of q. Instability can be achieved only when the heavier fluid is on top (Ra > 0) For small values of q, the dispersion relation will be proportional to Ra (σ ≈ qRa/2), therefore for long-wavelength perturbations (q small), the stability will be determined by the sign of Ra. For short-wavelength perturbations (q large), the value of σ will always be negative since in this range σ ≈ −q 4 , regardless of the value of Ra. Since Ra positive makes the front unstable for small values of q, but stable for large q, there is a critical wave number for marginal stability (where σ = 0). This implies that if the front propagates in tubes of width smaller than the corresponding critical wavelength, the front will be stable, since the tube width will provide a cutoff for the allowed wave numbers. The relation between this critical wave number and the tube width is provided by q c = π/L c . For small values of Ra we can obtain the critical wave number by neglecting the q 4 term in the dispersion relation. This approximation results in a critical width given by L c = 2π/Ra. This is the same result obtained for autocatalytic fronts described by the eikonal relation between front speed and curvature [20] . In Fig. 1 we compare this approximation for the critical width with the full result using the KS equations. The figure shows good agreement for small values of Ra, but they become different as this number increases. Figure 1 also shows the stabilizing effect of the fourth-order derivative in the front evolution equation.
In the case ofν = −1, the front presents an instability even without a density difference. With Ra = 0 the front propagation equation becomes the standard KS equation, which is unstable for perturbations of wave number smaller than q = 1 (Fig. 2) . This instability has been widely study in the literature. The dispersion relation of the standard KS equation is dominated by the positive q 2 term for short wave numbers. Therefore the front will always be unstable for these perturbations. But for large wave numbers, the dispersion relation is dominated by the negative q 4 term, indicating stability for these values. However, including fluid flow driven by a density gradient, we find that the short wave-number limit becomes proportional to the wave number q multiplied by Ra. For Ra > 0, the Rayleigh-Taylor instability will contribute to making the front more unstable, but short wavelengths will still be dominated by the negative q 4 term in the dispersion relation, therefore a stable flat front can always be found by choosing the necessary domain width. For Ra < 0 we find that the growth rate σ will be negative for both large q and very small q. However, for Ra > R m ≡ −4 √ 3/9 there is an interval where the growth rate is positive, indicating that certain perturbations will make the front unstable. This feature is not present in the standard KS equation. At Ra = R m we find that the curve touches the horizontal axis (σ = 0) at exactly one point with q = 1/ √ 3 as shown in Fig. 2 We solve the nonlinear equations Eqs. (12) and (13) numerically as described in Sec. II. We first study the effects of the density differences on the confined patterns. As the linear stability analysis suggests, the front is flat and stable for small widths, becoming unstable for widths above a critical value. Near the transition, small perturbations on an unstable flat front grow until they reach a steady state. The resulting curved front propagates at a constant speed. In Fig. 3 we display the increase in front speed as a function of tube width for three values of Ra. For fronts without a density gradient (Ra = 0), we find that slightly above the critical width L c = π , the front becomes a steady curved front without a definite symmetry. The front speed increases until it reaches a maximum, then it decreases. As the width is further increased, the front becomes axisymmetric, with its maximum height at the center of the tube. The front speed will increase once again, reaching a second maximum, and then decreasing. The same behavior can be found with negative and positive values of Ra. As we increase the width of the tube, the steady front changes from flat, to nonaxisymmetric, to axisymmetric. However, the points where the transitions take place are shifted. When the lighter fluid is on top of the heavier fluid (Ra < 0), buoyancy provides a stabilizing mechanism, consequently the transitions take place at larger widths. On the contrary, if the heavier fluid is on top, the destabilizing effect of buoyancy will allow the transitions to occur at lower widths. Buoyancy also plays a role in the front speed: the increase in speed is higher when the lighter fluid is below the heavier fluid.
We also study the spatiotemporal behavior near Ra = R m , where the instability takes place at a definite wavelength. For values of Ra below this critical value, all the growth rates are negative, therefore no pattern is formed. At Ra = −0.675, we found that small perturbations to the flat front grow, generating the pattern shown in Fig. 4 . The pattern moves at a constant speed along the tube without distortion; it is steady in a reference frame comoving with the front. Although we display the pattern on a domain size L = 10π , its shape is not determined by the size of the domain. In larger domains we also found an extended steady pattern with almost the same wavelength. The wavelength of the pattern is determined intrinsically. We also display in Fig. 4 the corresponding fluid flow associated with the stationary front. Here we find that in the valleys, the fluid tends to rise, while in the crest, the fluid pushes downward. This is the result of having the heavier fluid underneath: heavier fluid will try to fill up the gaps. Without this convective flow, the reaction front will be unstable, behaving in a chaotic manner. The front instability combined with the stabilizing density gradient leads to a steady structure. As we keep increasing the value of Ra, the front develops a temporal behavior. In Fig. 5 we show the time evolution of the reaction front with Ra = −0.65. Here we observe a complex oscillatory pattern where the pattern repeats itself after a number of fluctuations. For Ra = −0.625 the pattern becomes chaotic as shown in Fig. 6 .
We also find a period doubling transition to chaos as we change the width of the domain (L), which is equivalent to width (smaller q) to trigger the instability. In Fig. 7 we show the period-doubling bifurcations that lead to chaos in systems with positive and negative Ra values. Here we display the relative maximum values of the first Fourier coefficient H 1 as it varies with time. The transition to chaos takes place as we decrease q. In the graph with Ra = 0.1 we find an oscillatory behavior at q = 0.1780. This is represented in the graph by a single point corresponding to a single relative maximum value for H 1 . As we decrease q, we find a period-doubling bifurcation at q = 0.17796. These bifurcations continue for decreasing q, leading to a chaotic regime. We obtain a similar period-doubling transition for Ra = −0.1, however, the first transition occurs at a lower value of q, namely, q = 0.16827 as shown in Fig. 8 . Therefore a density gradient with the lighter fluid on top also tends to suppress the oscillatory instabilities, since a lower value of q corresponds to a larger width for the transition.
IV. SUMMARY AND DISCUSSION
We have shown that density gradients across a thin front can play a significant role in the propagation of fronts governed by the KS equation. These density gradients can lead to convection for fronts propagating in fluids. It can destabilize fronts that are stable without fluid motion or it can stabilize potentially unstable fronts. The KS equation does not exhibit stable patterns at many wavelengths, unless a linear stabilizing term is included. We have shown that a density gradient across the front can also provide a necessary stabilizing mechanism for this type of structure. The KS equation has long been studied because it exhibits spatiotemporal chaos. In the presence of density gradients this transition to chaos is affected. When the lighter fluid is above, the onset of chaos is delayed to larger values of the control parameter (the tube width in this case). The flat front instability leading to convection depends only on the dimensionless Rayleigh number Ra; this number does not depend on the front velocity. Therefore, the instability for fronts propagating upward is the same as for fronts propagating downward, depending only on the density gradient and other parameters. Experiments can test the gravitational effects by reversing the direction for the vertical front propagation. Using typical values for the iodate-arsenous acid reaction, we obtain a dimensionless Rayleigh number of between 50 and 60 on a Hele-Shaw cell with a 1-mm gap. This value is still large compared to the value of 0.769, which allows the formation of extended periodic structures. The search for these structures will require lowering the Rayleigh number by reducing the gap width or using only a small angular deviation from the horizontal position as suggested in [21] . The typical dimensionless wave number of these patterns is q = 1/ √ 3, which corresponds to a dimensioned wavelength of 1.6 mm for this system.
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